INTRODUCTION
IN THE present paper we seek sufficient conditions for controllability of the nonlinear feedback control system in Banach spaces of the form
u(t) E a(& (Mx)(t)), t E [O, q
where the function u is the control function and x defined on [0, T] is the trajectory. Many boundary value problems for partial differential equations with controls can be written in this form.
The approach we shall take is to reduce the problem of controllability to the problem of showing a certain multifunction has a fixed point.
Applications of fixed point theorems for multifunctions to problems of similar kinds have been studied by several authors in the past. Lasota and Opial [15, 161 in their papers studied the existence problem of ordinary differential equations with multivalued right-hand sides of the formi E A(t)x(t) + F(t, x(t)) with the constraint Lx = r. Hermes [9] considered equations of the form i E R(r, x). Tarnove [17] obtained sufficient conditions for A-controllability of the nonlinear system i =f(t,x, u), u(t) E Q. Subsequently Dauer [4] treated the question of controllability for systems of the form f = f(t, x) + g(t, u), x(t,,) = x0, x(t,) = x1, x0, x1 E R", u(t) E Q(t).
All these authors used various conditions which may be shown (cf. Hou [lo] ) to imply Cesari's property (Q). We shall see below that Cesari's property (Q) plays an important role in the present work.
Concerning the fixed point theorem for multifunctions used by all these authors, we remark that their statements are all different forms of the following fixed point theorem. THEOREM 1.1. Let K be a closed convex set in a locally convex Hausdorff space. Let r : K + 2K be a multifunction such that T'(x) is closed and convex for each x E K, r has a closed graph and U{T(x) :x E K) is contained in some compact set. Then r has a fixed point. 
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This theorem is an extension of Kakutani's theorem (cf. Bohnenblust and Karlin [l],'Fan [6] , Glicksberg [7] ).
FORMULATION OF CONTROLLABILITY PROBLEM
Let J be the fixed interval [0, T] and let V be a separable reflexive Banach space. For 1 < p < +", the space X = L,(J, V) of all pth Bochner integrable functions from J to V is a reflexive Banach space with dual X" = .&(I, V*), where l/p + l/q = 1. Let /I (1, 11 (I*, I/ I/,y denotes the norms in V. V", X, respectively.
We shall assume E:X-, X" to be a closed, linear operator with domain D(E) and M: D(E) --, L,(J, Y) an operator which maps weakly convergent sequences into sequences strongly convergent in L,(J, Y) where Y is a Banach space. We shall also assume that w is a measurable multifunction from J x Y to 2U with closed values in a complete separable metric space Ii, and that f is a Caratheodory mapping from J x Y x U to V*. That is, f(. , y, u) is strongly measurable for fixed (y, u) and f(t, -, -) is separately demicontinuousf in y, u for almost every t in J. Associated with f and o, we may define a multifunction 9 : J x Y ---, 2" by
In what follows, we shall consider pairs of functions (x, u), each pair consisting of a measurable function u :J-, I/ and a corresponding function x E X, which satifies, almost everywhere, the nonlinear operator equation 
By a fixed point of T we mean an element x0 E K such that x0 E T(xo). Then by the definition of r we have (Ex,)(t) E 9(t, (Mx,)(r)) a.e. in [0, T]. With the application of an implicit function theorem we may conclude that there exists a control u. for which the pair (x0, uo) is admissible, whence the system (2.2ab) is Y-controllable.
i A function h from a topological space B, to a Banach space Bz is said to be demicontinuous at a point x E E, if h(x,) -h(x) weakly for every convergent sequence X,+X in B, (cf. Kato [12] ).
In this fashion, the question of controllability of the system (2.2ab) has been reduced to the problem of finding a fixed point for the multifunction I'.
There are a number of implicit function theorems guaranteeing, under suitable hypotheses. the existence of an admissible control. The interested reader may consult, e.g. Castaing and Valadier [3] , Wagner [18] . Here we will use the following Filippov type implicit function theorem (cf. Hou [ll] ) which is most appropriate in this setting.
THEOREM 2.1. Suppose that T is a measure space with a complete, u-finite, nonnegative measure, 2 is a Banach space whose dual Z* has a countable subset that separates points of 2, and U is a separable complete metric space. Let S: T + ZG be a measurable multifunction with closed values, let h: T x II+ 2 be a Caratheodory mapping and g: T-, Z a strongly measurable function satisfying the relationg(t) E h(r, S(r)) almost everywhere in T. Then there exists a measurable selection u for S such that g(t) = h(t, 14(t)) almost everywhere in T.
3.THE CONTROLLABILITYTHEORElM
We turn now to a consideration of properties of the control system under which the multifunction r defined by (2.3) has a fixed point.
We will assume that, for allx E K, T(x) # 0. We shall make use of the following assumptions. (H3) The sequence {Eu,} is bounded in X* for every pair of bounded sequences {u,} in X, {b,} in L,(J, Y) satisfying the relation (Eu,)(t) E 9(t, b,(t)) almost everywhere in J. Let us assume that the assumptions (Hl), (H2), (H3) are satisfied. We establish first a series of lemmas.
LEMMA 3.1. For every x E K, the set T(x) is convex.
Proof. Let zl, z2 E I(x) for some x E K and let z = AZ, + (1 -A) z2 for fixed AI 0 G A d 1. Since (EZi)(t) =f(t, (f%)(t), Kl(t)) f or some ui(t) E il(t, (Mx)(t)), i = 1,2, we have by linearity of E that (Ez)(t) = qEz,)(t) + (1 -A)(EZ?)(O (3.1) = Af(t, @4x)(t), Ui(r)) + (I -A)f(r, (Mx)(r), u2W) for almost every t in J. But the sets s(t, (Mx)(t)) are assumed to be convex by (H2), and so the right-hand side of (3.1) belongs to the set 2(r, (Mx)(t)). We may now conclude that z E T(x), this shows that I(x) is convex. H LEMMA 3.2. The weak topology a(X, X*) on the set K is metrizable.
Proof. Since X= L,(J, V) and V is separable, therefore X is also separable (Warga [19, theorem 1.5.181). Then by (Hl) and the reflexivity of X, K is weakly compact and now the assertion follows from Dunford and Schwartz [5, theorem V.6.31. n
The following is a Banach space version of Cesari's closure theorem (Hou [lo] ) which will be used to show that the graph of the multifunction I is closed. Proof. Since the weak topology a(X, X*) on the set K is metrizable by lemma 3.2, it is enough to show that o E I(x) for any weakly convergent sequences x,-x, u,-u with u,, E I&). By definition of I, we have (Eu,)(f) E 2(t, (Mx,)(t)) almost everywhere in]. Since {x,} C K is bounded, so does {Mx,}, and hence by (H3) {Eu,} is bounded in X*, and therefore we may extract a subsequence, again denoted by {Eu,}. that converges weakly to some point z in X*. As E is linear and closed, we get Eu = z. So we may assume that Eu,-Eu weakly in X*, (Eu,)(f) E 2(t, (Mx,)(t)) a most 1 everywhere in J, (Mx,)(~) + (Mx)(t) strongly in Y for almost every r in J, by choice of appropriate subsequences if necessary. According to (H2), the multifunction 2(t,y) has property (Q) with respect to y, we may then conclude from the closure theorem 3.
that (Eo)(r) E 9(t, (Mx)(r))
1 a most everywhere in J. This implies that u E T(x) and the proof is complete. n These three lemmas enable us to establish the following controllability theorem. THEOREM 3.5. Let the assumptions (Hl), (H2) and (H3) hold. Then a sufficient condition for the system (2.2ab) to be Y-controllable is that T(z) # 0 for every z E K.
Proof. By the lemma above, the multifunction I has a closed graph in X, x X,,, and T(z) is convex for each z E K. Since K is weakly compact and convex in X,, the fixed point theorem 1.1 assures us that T has a fixed point x in K. It follows from x E T(x) that (Ex)(t) E h(t, s(t)) almost everywhere in J, where h is the Caratheodory mapping (t, U) H f(t, (Mx)(t), u) and S:J-, 2"is the multifunction defined byS(t) = ~(t, (Mx)(t)). Since Vis reflexive andseparable, there exists a countable subset in V** that separates points of V* (cf Hille and Phillips [8] ).
We may now invoke the implicit function theorem 2.1 to produce a measurable control u such that the pair (x, u) is admissible, and whence the system (2.2ab) is Y-controllable. This argument is valid provided we can show that the multifunction S is measurable from J to U. To this end, let A be a closed subset of U. Then r E S-(A) if and only if A n .S(t) f 0. That is. (r, (i%&)(r)) E o-(A) which is the same as I E I-'(w-(A) ), where I(r) = (t, (M)(r)). Thus S- (A) = I-'(w-(A) ) which is measurable since both f and ware. Therefore Sis measurable. where ( , ) denotes the pairing between X and X*. We first observe that 9 is a closed operator (cf. BrCzis [2] ), and (H3) is clearly satisfied because of(F). Suppose that assumption (H2) holds. To apply the controllability theorem 3.5, we must choose a nonempty closed convex bounded subset K in X such that the set T(z) = {x E K : (9x)(f) + (Ax)(f) E 9(t, (Mz(t)) a.e. inJ} is nonempty for every z E K.
Because of (F), we note that for any z E X and any measurable function u :J+ U satisfying u(t) E O(f> (Mz)(t)) a6 Ilfk WW(% 4Nll * S CY(I) a.e. for some function cy E L,(J, R). If we define (N,z)(t) = -f(t, (Mz)(t), u(r)), we obtain by (4.2)
Since h(s)--, +=, as s--* +=, thus for sufficiently large ]]x]lx we have (Ax + N,,z,x) 2 0. We choose K = {x E X: llxllxc C} w h ere C is large enough to make (Ax + N,,z, x) b 0 for all x in the boundary aK of K. The set K is independent of z and u.
As in the proof of theorem 3.5, the multifunction S, : J -2'/ defined by s,(t) = ~(t, (Mz)(r)) is measurable with closed values for each z in K. Thus by the Kuratowski and Ryll-Nardzewski's measurable selection theorem [14] , S, has a measurable selection u,.
If we can show that, for any z E K, the equation Zx f Ax + N,,z = 0, (4.3) where (N,,z)(r) = -r(t, (Mz)(r), nZ(l)), h as a solution x E K, then the set T(z) is nonempty. That (4.3) has a solution in K follows immediately from an existence theorem for nonlinear equations due to Kemochi [13, theorem 21, since (Ax + N,,z, x) 2 0 for all x E a K. Thus we have just proved, by means of theorem 3.5, the following result.
THEOREM 4.1. With the hypotheses (H2), (F) and 3, A as given above, the system (4.la. b) admits an admissible pair.
COROLLARY 4.2. With the hypotheses of theorem 1.1, the set @ of all admissible trajectories in K of the system (4.lab) is sequentially weakly compact in X.
Proof. Clearly Cp is relatively sequentially weakly compact in X as it is contained in the bounded subset K of the reflexive space X. Let {x,} C 0 and suppose that x,-x.
The proof will be complete if we show that x E 0. Clearly x E K. Since x, E a', x, is then a fixed point of r. That is, x, E I&J. Since T has closed graph in X, x X,,,, we have x E T(x), or equivalently almost everywhere in J. Using the same argument as in the proof of theorem 3.5, we may find a measurable control u for which (x, u) is admissible. Therefore x E CD, proving @ is sequentially weakly compact. H Using corollary 4.2, existence theorems for Mayer and Lagrange type optimization problems may be stated. We shall not go into detail here.
